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Thin Cylindrical Shells under Surface
Torques

S. W. YUAN*
University of Texas, Austin, Texas

Introduction

IN a previous paper1 the bending problem of an infinitely
long cylinder loaded with concentrated equal and opposite

forces, acting at the ends of a vertical diameter, was dis-
cussed. The loading function in this case was presented by
a Fourier integral in the longitudinal direction and by a
Fourier series in circumferential direction. The integral
representation has the advantage that the boundary condi-
tions are automatically taken care of, and no subsequent
determination of Fourier coefficients is necessary. The
Fourier coefficients and the undetermined function in the
Fourier integral are determined simply from the loading condi-
tion. The radial displacement was then obtained from the
solution of the eighth-order differential equation.

In the present paper, the shearing stress-resultant of an
infinitely long cylindrical shell subjected to two equal and
opposite torques acting about the radial axis on the surface
of the shell, as shown in Fig. la, has been analyzed. The
solution of this problem was achieved by replacing the
torque with two equal and opposite forces acting about the
same axis at an infinitely small distance apart. The mo-
ment produced by the pair of forces is of the same magnitude
and sign as the torque. In the case of a plate, the shearing
stresses produced by two equal and opposite forces acting
perpendicularly to either axis are identical.2 However, in
the present problem, the phenomenon is quite different
because of the effect of the curvature of the shell on the
displacements. For this reason, in the present investigation,
a combination of two pairs of forces with moments are intro-

duced to replace the applied torque. The forces are so
arranged that one pair of forces, equal and opposite in mag-
nitude, act at an infinitely small distance apart in the direc-
tion of x axis and the other pair of forces under the same
condition in the direction of s axis. The loading distribu-
tion functions under consideration may be presented by a
combination of a Fourier series and a Fourier integral along
the circumference and the generatrix, respectively.

Fundamental Equations

The equations of equilibrium of a shell element under a
circumferential pressure or a longitudinal pressure of an in-
tensity q, as shown in Fig. Ib and Fig. Ic, respectively, can
be derived from considerations of the equilibrium of forces
and moments. In terms of the displacements, the equilib-
rium equations can be written in the following simplified form:

i r c>3w
a |_ dx3 1

12(1 - v) D •

where

(2 _

12(1 -
Da'

(D

(2)

(3)

ox2os

for load acting tangentially and
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for load acting longitudinally.
In the foregoing equations, h is the thickness, a the mean

radius of the shell, v the Poisson's ratio, and D = Eh*/12(1 —
v*) is the flexural rigidity of the shell.
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Fig. 1 Applied torque acting on an infinitely long
cylinder.
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Fig. 2 Shearing stress-resultants distribution along th«
generatrix (0.01 < x/a < 0.20).
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Fig. 3 Shearing stress-resultants distribution along the
generatrix (0.20 < x/a < 5.0).

It is interesting to note that Eq. (3) becomes the well-
known differential equation of a flat plate if the radius of the
shell a is made infinitely large. In this case the lateral de-
flection of an infinitely long plate is evidently equal to zero.

Determination of Shearing Stress Distribution

The shearing stress-resultant in the wall of a cylindrical
shell due to two equal and opposite surface torques in the
case of loads acting tangentially (Fig. Ib) is given as3

=
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where the displacements u and v can be determined from
.ijqs. (l)and(2).

The load distribution under consideration may be repre-
nted by an even function along the circumference and by

.&. odd function along the generatrix. As discussed in Ref. 1,
the load distribution function can be expressed by a combina-
tion of Fourier series and a Fourier integral

q(x, s) -G qn cosnil r
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The three components of displacement, u, v, w, can be ex-
panded in a similar manner in terms of three undetermined
functions, u(X), v(\), and w(\), respectively,
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The function qn and /(X) in Eq. (5) can be determined by
developing them from the loading condition. The trans-
formed Fourier integral4 of Eq. (5), which represents the
loading condition along the longitudinal direction, is given by
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where q(x/a) = ±1 when 0 ^ x ^ 2e and 0 ^ x ^ — 2e,
respectively, and q(x/a) = 0 when x > 2e and x < — 2e.
Similarly, qn can be determined from the expansion of loading
function along the circumference in a Fourier series:
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where q(s/a) = q when c ^ s ^ 0 and — c ^ s ^ 0, and
q(s/a) = 0 when c < s ̂  ira/2 and — c> s ^ — ira/2.

Next, the case of a concentration torque applied at the
origin may be considered. Such a load can be obtained by
making the length 2e and 2c of the loaded portion infinitely
small as follows:

torque = T = P(2e) = 8q e2c (11)
Now Eqs. (1) and (2) can be solved with the aid of Eqs.

(5-11). Substituting the results of dw/ds and dv/dx in
Eq. (4), the shearing stress-resultant is obtained as follows:
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where J2 = 12(1 - p2) (a/h)2,j = J/4n2, and the constants
A, B, (7, and G are given in Ref. 1.

In a similar manner as in the case of loads acting tangen-
tially, the shearing stress-resultant Si due to two equal and
opposite surface torques in the case of loads acting longitudi-
nally (Fig. Ic) is obtained.
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The shearing stress-resultants St and /Si of an infinitely
long cylindrical shell subjected to two equal and opposite
torques acting about the radial axis on the surface of the shell
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are given in Eqs. (12) and (13), respectively. It can be seen
that the expressions for the shearing stress-resultants satisfy
the following conditions: at the point where the torque is
applied the stress-resultant is maximum, and it vanishes at
infinity.

The results obtained in Eqs. (12) and (13) may be used to
verify that the total torque produced by the force-resultants is
equal to the applied torque. The calculation of the total torque
can be made by summing up all the force-resultants multiplied
by their corresponding moment arms of an infinitesimal ele-
ment in the immediate vicinity of the applied torque. The
normal stress-resultants acting on the element in both x and
s directions are obtained from the equilibrium condition
in terms of the corresponding shearing stress-resultants.
The result proved to be correct.

Figures 2 and 3 show the shearing stress-resultants dis-
tribution along the generatrix (between x = h and x = 500/i)
of an infinitely long cylinder with a/h = 100. The compu-
tation of the shearing stess-resultants was made with the
aid of a CDC 1604 digital computer. It was noted that
the shearing stress-resultant near the origin due to the
applied torque composed of a pair of forces in the x direction
is much larger than that due to a pair of forces in the s direc-
tion. The reason for the discrepancy is due to the effect
of the curvature of the shell on the displacements. The
results also show that the shearing stress-resultants decrease
very rapidly from the region near the applied torque out-
ward along the generatrix.
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Natural Frequency Curves of Simply
Supported Cylindrical Shells

J. R. YAMANE*
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THE problem of determining the natural frequency of
cylindrical shells has been studied by many authors. A

brief historical review may be found in Ref. 1. So far, the
frequency curves obtained by the former investigators do not
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Fig. 1 Natural frequency of cylindrical shells.
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cover the ranges of wave number and shell radius-thickness
ratio broad enough for practical use.

In this brief note, a set of frequency curves is presented.
They cover the radius-thickness ratio from 100 to 1500, the
circumferential wave number from 0 to 38, and axial wave
number ma ir/l from 0.3 to 30.

The equation of motion used was obtained in the manner
of Morley2:

= 0 (I)'

Here w is the quantity of the radial displacement w' divided
by the shell radius a. x' and 6 are the cylindrical coordinate
system and x = x'/a:

V2 = (c)2/dz2) + (d2/d02)
D = E/i3/12(l - ^2)
K* = 3(1 - ?2)(aA)2

E and v are, respectively, Young's modulus and Poisson's
ratio, and p and h are, respectively, the mass density of the
material and the thickness of the shell.

For a simply supported cylindrical shell in free vibration,
the radial motion is taken as

Csn cossx X cosnO (2)
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Fig. 2 Natural frequency of cylindrical shells.
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Fig. 3 Natural frequency of cylindrical shell.
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Fig. 4 Natural frequency of cylindrical shell.


